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ABSTRACT

In this paper, we study the batch queueing modkeErer multi-servers are used to provide the servicaval
follows a Poisson distribution and service timexponentially distributed. If there are less thiaa Ibatch oB customers,
they are served individually. However, if there dhe batch oBcustomers, all the customers are served together.
We calculate the probability distribution and therfprmance measures of queue length and waiting fion both
conditions: having less than the batchBottustomers and having more than the batcl® @ustomers using recursive
method. Finally, we verify the results with somemauical illustrations presenting some applicatiomghe real life

situation.
KEYWORDS: Batch, Customer, Performance, Queueing, Server
1. INTRODUCTION

Mostly, customers go to get the service in theinditne and convenience, individually. But, thiserwhay not
work in all the situations. In some conditions, #egver provides the service for a group of custsnrestead of serving
individually. In this paper, we assume a model wreebatch oB customers are served at a time. There are certaer
of servers providing the service to the customiérsustomers are enough to make a group of b&icthey all are taken
together for the service considering them as alesingstomer. Instead, if customers are less tharbétchB, they are
served individually with the different service ragte This type of queueing model is applicable in ftiwld of
transportation, which moves only for the fixed n@mlof passengers. An elevator serves a group of3lgersons at a
time, but if there are less people then also iteserA cable car also prefers to serve up to pacidly, but that is forced to
carry even if there are less passengers. Thessoare examples of this model applied in the real Heveral researches

have performed in the field of the batch queuingtesyy and some of them are observed here onwatlis isection.

Saha andAlfa [1] studied discrete-time two-phasekptarrival queuing system with batch serviceha first
gueue and individual service in the second quebeyTalculated the queue length, average waiting tf packets and
the effect on batch size on the waiting time. Bgaeret al. [2] dealt with a finite-buffer queue mava single server batch
of variable size to obtain the average number okets waiting in the queue and in the system. Tdadgulated the server
rejection probabilities also and verified theirdings by means of numerical results. Gupta ande®iK8| considered a
single server finite-buffer bulk-service queue faliog exponential inter-arrival and arbitrary seevitme distribution.
Minimum batch sizea and maximum batch sizie is needed for the server to serve. They obtainsililsitions of the

number of customers in the queue at arbitrary sergdbmpletion and vacation termination epochs aleitly some key
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performance measures. Ghimire et al. [4, 5] catedl@aome performance measures for a bulk queuedtgihof a fixed
batch sizeb and finite capacity queueing model consideringetiependent arrival and service rate, respectihelipoth
cases, they verified the results graphically uditigTLAB programming. Balbo and Vigliotti [6] analyzea batch service
gueue, in which, whole batch or single customer badn served based on the number of customersableain the
system. They introduced quasi-reversible queuegh®rcomputationally efficient approximations. Alle results were
compared for different parameter settings usingdp Istdchastic order arguments and numerical expeatsn8aruah et al.
[7,8] studied batch arrival queueing system ofalalg batch size following essential and optionatise provision. Later,
they derived a two stage queuing model with rerggimere server is unavailable during the systenakslewn or
vacation periods. The supplementary variable tegliwas used to calculate the mean queue lengtimaad waiting
time. Yu et al. [9] investigated batch arrival gaaunderV-policy, with single vacation and setup times, inieh, server is
turned off one time for vacation of random lengthif the system became empty and resumes after sieteq, if the
gueue length met the threshdfd(N > 1). They calculated, the system size distribution tnedqueue length distribution

together with some numerical examples for the \ztion.

Sikder and Gupta [10] contributed in the field atdh arrival and batch service queue with single multiple
vacations. They calculated performance measuresdilerage queue length, average waiting time, pilityaof busy
server, blocking probabilities etc. Parveen anduBed11] studied a single server bulk service queitk general arrival
pattern and multiple working vacation period, usiBmbedded Markov Chain technique. They deriveddstestate
probability distribution at pre arrival epoch amtbirary epoch presenting some numerical exampiaptgcally. Shinde
and Patankar [12] considered balking, reneging andtiple vacations in a state dependent bulk servgieue.
The server was supposed to wait for some timégifet were the waiting customers less than the tsitela in the queue,
called change over time. If no customer arrivedrduchangeover time, servers go for vacation. Pevdmce measures
like average queue length, expected waiting timguaue and in the system, variance and cost aralgsie calculated.
Bountali and Economou [13] considered batch sergigeueing system to study the joining or balkingrdima based on
the information provided upon arrival called unalable and observable. They presented numericaeterpnts to
investigate the differences in the behaviour ot@mers in batch service systems and single sesyisiemsZiani et al.
[14] dealt with batch arrivals of two customersstody their strategic behaviour in a single seMarkovianM /M /1
gueue. In their model, customers join the queukatk depending on his/her own decision, on hisfi@tner’s decision
and of the system state. They compared the cades) information about the system state was proyided when it was
not provided. Sah and Ghimire [15] studied transkemtangian queueing system to calculate the meeue length and
expected waiting time distribution using probapiligenerating function and Laplace transform methéfi [16]
performed his research about the importance ohhatecnanufacturing systems considering three tyffdsatches namely
transfer batches, parallel batches and serial batdte classified different batching behaviour aedfied the validity by
simulationYu and Alfa [17] presented a discrete-time singdever finite-buffer queue with Markovian arrival pess and
generally distributed batch-size-dependent sertimne. They obtaine@ppropriate phase-type distribution, the jointestat

probabilities at various time epochsing matrix analytic method and embedded Markmirctechnique.

In all these literatures, it can be observed tlifferént algorithms have been described with margppsitions.
Some of the researchers have performed their @sedrbatch in the arrival process, whereas somdiexi batch in
service facility. Some are found interested in Hmdkch arrival and batch service, but almost athefn have used a single

server model. Balking and reneging in the batcivalrand service are the next areas, some of ti@esiare interested in.
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Here, we put our efforts in the batch service withltiple servers in which a group which cannot makéatch of
B customers also get the service in the differentiserrate If there are less than the batchBoEustomers, they are served
individually with service rate). However, the batch a8 customers is served with the rateudVe assume as the
probability that a batch of siZgis served and they leave the system with fateu  p. Theng = 1 — p is the probability
that a single customer is removed from the queter #fie service completion. So= u * q is the rate at which single

customer is removed from the system when morettebatch o customers are present.

The rest of the paper is organized as follows:i8e@ presents some of the assumptions and nosatieed in the
model along with mathematical derivation. Sectioin8udes the performance measures relating to sesteblished
results of different models, whereas Section 4 ist&10f the numerical results and verification bé tmodel using

simulation. Section 5 concludes the paper, inclydiome applications of the model.
2. MATHEMATICAL MODEL

In this Section, we establish the mathematical rhadé some notations and assumptions using thesitian
diagram for the balanced equations. The followiagssome of the assumptions and notations we hengdered in this

model.
(i) A= Arrival rate of a new customer.
(i) u =Total service rate of the system when loadechbybatch oB customers
(iii) n;= Service rate for the customers when loaded ts/tlesn the batch & customers.
(iv) p = Probability of the service completion for thedbaof B customers.

(v) g =Probability of the service completion of indivalicustomers when at leatcustomers are in the queye+

qg=1
(vi) v = u = g = Rate at which single customer leaves the systben more tha® customers are present.
(vii) 6 = pu = p = Rate at which a batch 8fcustomers leaves the system.
(viii)B, = Stationary probability of finding customers in the systém=> 0).

To represent these assumptions, probability transiliagram for different states have been showRigure 1
(see [6] also). We assume the constant arrivaltrateighout the system, but service rate differsedeon the number of

customers.

Figure 1: Transient Diagram

Steady state equations can be derived fromFigufithése equations are solved using recursive methbthe

probabilities of other states are converted inftren of P,, which ultimately helps to calculate the total pability P, .
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The system is separated into two cases: (i) wherethre the customers less than the batchBsamd (ii) when customers

are greater or equal to the batch #z8 he equations are derived as follows:

APO=7')1P1+6PB (1)
(A+ 0Py =nyP, + APy +26Pg 4 2
(A +n2)P, =n3P; + AP;+36Pg,, (3

continuing this way

(A+np-_2)Pg—2 =MNp-1Pp—1 + APp_3+(B — 1)6Psp5_, (4)
(A+np_1)Pg_y =VPg + AP3_,+BSP,5_4 (5)
A+v+8)Pg =2vPg 1 + APg_1+(B + 1)6P,p (6)
(A+2v + 28)Pyyy = 3VPgyq + APy+(B + 2)6P, 5,4 @)
A+ (k+1Dv+ (k+1)81Pgyy = (k + 2)vPgi41 + APgip—1+(B + k + 1)6P,5.4x (8)

Rewriting the above equations,we have

mPy = APy — 6Py ©)
NPy = AP, — 6(Pg + 2Pgy) (10)
N3P3 = AP, — 8(Pg + 2Pp11+3Pp,2) (11)
Ng-1Pg_1 = APg_5 — 62]5:_11jP(B—1)+j (12)
(v+8)Pg = APp_y — 8 271 ( + 1)Ppy (13)
(2v + 28)Pgyq = AP — 8 25, (j + 1)Pgy; (14)
(3v +36)Pgyy = APpyq — 52?211(1 + 1Py (15)
((k+Dv+ (k+1)8)Pgiy = APgyy—q — 8273 G+ DPpyj, k=0,1,2,3,... (16)

Without loss of generality, let us define

i+1 )
B s g 0<i<B-2 (17)

Pl
SF U+ )Py
And”TJd“(Y:an. n=>B-1 (18)

Then, the above set of equations reduce to

Pl = PO M (19)
M1

P, =P, (A-¢1) (20)
M2

P3 = PZ (A_d)Z) (21)
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Pg_1 =P, (1:74573—2) (22)
B-1
A=Ypn-1)

Pn =Pn_lTﬁ51' n=>A8B (23)

These equations lead to the solution:

Po [Ty 02, n<B -1

b= [HB 1 (A= 1] [”7 B(A-%;- 1)] B &9
i 7= Gv+)8) -
Therefore, the system of equations can be written a
Pn_lu‘f’:—"‘l), 1<n<B-1
P, = "(/1 i (25)
“¥n-1
no1 e 0 2B
Then, we get the geometric distribution
Py[[lizi04], n<B-1
P 26
" gPo[ Lopm B, n>=B (26)
Whereg; = (- ¢‘ 1) ,1<i<B-1
A -
p=: n j=1
jv +jé
For the explicit expression of the model, let ussider
B-1(; .
by = 21:1(1‘;1)Pn+1+16’ n>B-1 27)
(] + 1) PO[ 1 O.L]pn+1+j—B+1 s
Po[[TE5" oylpn=B+t
M 0] X721 G + 1) pn Bt p/*t
) M= alpm+1 ’
B-1
Thereforey,, = Z(j + 1) p/*s
j=1
This expression is free from sowe can writep, = ¢ andy = Z 1(j + 1) p/*15 is a constant for at
_ Ay
Hencep = P
From these equations, we can get that
B—1[TTn p |7t
Po = |1+ 2RI, o + 11251 0] {2 (28)

To get the value oP,, we have to know the value aef and we follow the following procedure to calculdte
From equation (26), we can write
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Z (] + 1)Pn+1 = PO[ v o—l]z (j+1)pn—B+1+j
= PTIES ™% S35 + 1!

BpB*1-(B+1)pB-p2+2p

n (1-p)2 (29)

We have P, = pP,_,, then using these two conditions, we can writectipgation (12) as

P
Np-1Pp-1 =24 _5PB 12][’]
Op-1

= A _5(3—1)p3+1—3p3+p
p Op-1 (1-p)?

A1 —=p)?

Thereforepz_, = .
B T o (1= p)2 + 8{(B — 1)pP+1 — Bp® + p}

Using the similar technique, we can get the vaflug fori =B —-2,B—-1,...,2,1

A1 —p)?
ni(1 = p)2 + 6([152hq o) lip™t — (i + Dpt — p2 + 2p}

0; =

3. PERFORMANCE MEASURE

Here, we observe the two cases, one for the custohawing less than the batch sRend the other for more
than the batch size. When there are the customers less than the B&el®i. e. forn < B — 1,each of the arrivals are
served individually and hence the model is samthaxase oM /M /1 queueing model following the same performance
measures. On the other hand,foe B,customers are served in a group or in a batchidensg the whole batch as a

single arrival. So, this case is similar to theecaM /M /c queueing model. Hence, performance measures docake
n > B are same as the performance measurdt/df /c queueing model.

Casel:nSB—l(ng)

2

() Average number of customers in the quelig=——— (1 p)

(i) Average number of customers in systemLg = (:p) ;
(iii) Average waiting time in the system Wy = 1(1’1 o
iv) Average waiting time in the queue w,=—"—.
(iv) g g q 9 u@-p

Casell:n>B (p = j':fa)

A=
() Average number of customers in the queLg = P, (";f) #,

(i) Average number of customers in systemLs = L, +p ;
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(iii) Average waiting time in the system

(iv) Average waiting time in the queue
It is worthwhile to note that fof = 1 in the value ofp the model is identical to the model in [6]. Simiya for
B =1 andj =1 the model is identical t8//M/1 queueing model showing that our model is more ggrthan the

models studied earlier by several authors.

4. NUMERICAL RESULTS

We have calculated the performance measures fordifferent conditions in which, either the customare
more than the batch size or less than that. Whetomers are less than the batch ##zehe case is simpl#f/M /1
gueueing model. We have used the MATLAB softwaretteck the validity of the algorithms used in thedal only in
the second case, having the customers more thavatbk sizeB. There are a total of eight graphs presented tibyvibe

results.
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Figure 2: Average Number of Customers in the Queu¥s Arrival Rate

Figure 2 is the graph of average number of custsiinethe queue against arrival rate which indictttas number
of customers in the queue increases for the bigg#éral rate. On the other hand, if the service riatincreased queue

length decreases even for the bigger arrival rate.
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Figure 3: Average Number of Customer in the SysterW's Arrival Rate

In Figure 3, it is observed that average numb&usfomers in the system (number of customers iqtleee and

the one in front of the server) increases for #éngdr arrival rate showing less number of custorimetise system for the

faster service rate.
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Figure 4: Average Waiting Time in the System Vs Arival Rate

Figure 4 is the graph for average waiting time Yf$val rate which shows that customers has to \eaiger for

the bigger arrival rate. The waiting time can beueed if the service rate is increased. In all FBg} Figure 3 and Figure

4 we can observe that if the service rate is irsgdaqueue length decreases which is realistiature.
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Figure 5: Average Number of Customers in the Queu¥s Service Rate

Figure 5 refers to the graph of average numbeusfarners in the queue Vs service rate for the rdiffearrival

rates. From the graph, we notice the incremenhiéncustomers’ number in the queue for the slowericerate and less

number of customers in the queue for the smalléradrrate.
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Likewise, we have plotted the graph for average memof customers in the system Vs service rateignrg 6
which indicates that number of customers in théesgsincreases whenever arrival rate increases. Wawé is noticed

that for the faster service rate number of custsrirethe system are less in comparison to the sleamice rate.

— - A=17
-+ A=18
03 A=19]]
g
é 0.25 g
£ o2 g
c
'; 0.15 g
g x
01f\ g
* \\
¥
< %
0.05 - 4
\‘F\W;}piw“*‘ug —
o .
5 10 15 20

Senice Rate (5)

Figure 7: Average Waiting Time in the System Vs Seice Rate

Similarly, Figure 7 is plotted average waiting tinnethe system against the service rate in whiceehtifferent
values of arrival rates are taken to observe tfferdnce in waiting time by the customers in thetsgn. It is noticed that
for a faster service rate customer has to waisfmrter period of time whereas more arrival ratilts the longer waiting
time.
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Figure 8: Average Number of Customers in the Queu¥s Arrival Rate

Figure 8 is the graphs for average number of custerim the queue against arrival rate in which fmdlatch

size refers to the longer queue length and biggthisize results shorter queue length dependirigeoarrival rate.
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Figure 9: Average Number of Customers in the Queu¥s Service Rate

Finally, average number of customers against semate is plotted in Figure 9 indicating biggerdbasize has
shorter queue length according as the serviceimateases. All these graphs help us to prove ttaptoposed model is

valid. Some of the areas applicable to this modekaplained in the conclusion below.
5. CONCLUSIONS

There is a benefit for the customers as well asémeers in the batch queuing system. Every mewibine batch
should not necessarily stand in front of the sefeerthe service, because any one member of thepgcan check the
progress of their service. On the other hand, énees can also deal with one of the members ob#ieh whether or not
all the requirements for the service are fulfill&dit, whenever customers come in a group, it isshealys necessary that it
forms the required batch of the necessary sizesddme occasions, it is not even possible to makeapgand customer
should go alone to get a service. If provisionigptovide the service only to a given batch, atsishould wait until the
required batch size is formed. We considered tlse ¢a serve the whole group with a fixed servide,rd there is the
batch of B customers. If the customers could not reach uihéobatch ofB, they are served individually with different
service rate. There could be some cases whereleglaign run only when it is full because it couldetithe operating cost
only for the full passengers. In this case,the slehtould provide the service even for less passsnid) the rest of the
passengers compensate the fare. This model capptiedain the production companies also. If a comyparders a batch
of products, the producer may or may not have tdered quantity. If there are enough number of @deuantities, they
serve and supply. If the producer does not haveginquantity, either the request should be managghdess quantity or

the products should be sold to others separately.
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